The final electron energy spectrum under multi-photon beamstrahlung process is derived analytically in the classical and the intermediate regimes. The maximum disruption angle from the low energy tail of the spectrum is also estimated. The results are then applied to the TLC and the CLIC parameters.
INTRODUCTION
The synchrotron radiation, called beamstrahlung, due to the beam-beam force is one of the major limitations of the performance for the next generation linear colliders. In addition to the average energy loss, the electron energy spectrum also provides crucial informations. The knowledge on the tip of the spectrum reveals the energy resolution for high energy experiments. The spectrum tail, on the other hand, gives the probability of low energy particles that will be severely deflected by the same beambeam field, and would impose constraints on the aperture of the final focusing quadrupole. The concern is relavent because for the next generation linear colliders at the TeV range, the critical energy of radiation is comparable to the beam energy. In such case some particles can in principle lose a large fraction of their initial energies and be deflected by angles much larger than the typical value.
The aim of the present paper is to derive a simple formula for the energy spectrum after successive multi-photon radiations. Similar effort has been done recently by Blankenbecler and Dre1l.l) Our goal in this paper, however, is to look for compact expressions handy for quick estimations, with attention to the tip and tail of the spectrum. In our derivations we bare in mind that a relatively accurate formula near the initial energy tip is needed for the energy resolution purpose, whereas for background considerations a crude estimation near the low energy tail is enough.
THE RATE EQUATION
Let $ ( E , t ) be the energy spectral function of electrons at time t normalized as S $ ( E , t ) d E = 1. We assume that the emission of a photon takes place in an infinitesimally short time interval. Then the evolution of the spectral function can be described by the rate equation where the first term corresponds to the sink, and the second term the source, for the evolution of $ ( E , t). Here a being the fine structure constant. Note that for a given field strength ucl is independent of the particle energy.
By definition, v ( E ) is given by integrating F as
The function Uo([) is normalized such that Uo(0) = 1, and can be represente'd by the following approximate exppression:
where the relative error is less than 0.7% for any [. which gives a reasonable approximation for any ( and y. The advantages of using g(y) is that it is a function of y only and it provides a simple Laplace transform. 
CLASSICAL REGIME
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INTERMEDIATE REGIME
For finite values of (, the rate equatisn cannot be solved exactly since v ( E ) is not constant any more. However, in the intermediate regime where < 6 0(10), u ( E ) should not deviate from vCl tao significantly. This suggests to a soiution based upon minor perturbations to the classical result of Eq.( 13).
(8)
The first, and natural, attempt is to replace Nci in the exponent by the photon number calculated by the quantum theory: The first term of Eq.(13) represents the electron population that suffers no radiation. In addition, each term of the Taylor expansion in Eq.(14) has a physical meaning: The nth term corresponds to n times of iterations on the radiation spectral function F , thus represents the process of n-photon emissions. For a given L, the largest contribution comes from the term n -6 = a y ' / G . Therefore for a finite N,l the tail of the spectrum is not dominated by single photon emissions, but by multi-photon emissions.
Applying the saddle point method to Eq. (14), we can find the 
MAXIMUM DISRUPTION ANGLE
Particles that suffer severe energy losses would be disrupted with large angles by the strong beam-heam field. A simulation was done by monitoring low energy test particles throughout the collision process. The maximum deflection angle for a given energy &&, where E << 1, is found to be roughly
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where D = DT,!, is the disruptiou prameter (22) which is accurate within 2% for any 0 5 x < ca.
for the z and y dimensions, respectively, and = The minimum value of E can in principle be as small as l/y. But the real problem is about how small a E should one care. Since the number of photons N y per beam particle for linear colliders in the near future is of order unity, the spectral function $ ( E & ) given in Eq.(lS) is always dominated by the factor e-Y in the spectrum tail, where y >> 1 (in logarithmic sense), Therefore if the acceptable background counts is 7% out of N electrons, the minimum E of concern is approximately deteiniined by y = log(N/n), or 
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With this value of E , one can directly estimate the maximum deflection angle using Ey.(21). Since the dependence on n is only logarithmic, one can set n = 1 for practical purposes. The parameter (0 has to be replaced with a typical value of during the collision. We suggest t o use (2'1) where re is the classical electron radius, u z , uy and 6 , are the horizontal, vertical, and longitudinal r.m.s. bearn sizes at the collision point, respectively. This expression is larger than the average 6 by a factor about 3/2, but it provides bettcr agreements with simulations. The reason is that the low energy tail of the spectrum is doiiiinated by the radiation with larger local E. aiid is therefore weighted more; wliereas the higli energy tip of the spectrum is relatively insensitive to the clioice of 4.
has been derived to be3' In addition, the N,, at the end of tlie rritire collision procrss
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Computer simulations for Gaussian beams have been performed using the program code ABEL" on the linear collider design parameters for TLC,5' and that for CLIC.6' The adopted parameters are summarized in Tab1e.l. The disruption effect is included in the simulation.
The analytic formula Eq.(lS) (dots) is compared with the simulations (histogram) in Fig. 1 . The agreement is excellent for the TLC parameter, while there is a slight discrepancy at the lowenergy tail for the CLIC parameter. The reason is that the field is enhanced somewhat in the CLIC case due to the more significant pinch effect in the horizontal plane. Since in general the spectrum tail is sensitive t o various parameters, especially <, the excellent agreement seen in the figure is somewhat fortuitous.
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